Abstract: Given (M , Ω) a calibrated Riemannian manifold with a parallel calibration of rank m, and M m an immersed orientable submanifold with parallel mean curvature H we prove that if cos θ is bounded away from zero, where θ is the Ω-angle of M , and if M has zero Cheeger constant, then M is minimal. In the particular case M is complete with Ricc M ≥ 0 we may replace the boundedness condition on cos θ by cos θ ≥ Cr −β , when r → +∞, where 0 < β < 1 and C > 0 are constants and r is the distance function to a point in M . Our proof is surprisingly simple and extends to a very large class of submanifolds in calibrated manifolds, in a unified way, the problem started by Heinz and Chern of estimating the mean curvature of graphic hypersurfaces in Euclidean spaces. It is based on a estimation of H in terms of cos θ and an isoperimetric constant. We also give one application in quaternionic geometry.
Introduction
E. Heinz [9] in 1955 introduced the problem of estimating the mean curvature of a surface of R 3 described by a graph of a function f : R 2 → R. He proved that if f is defined on the disc x 2 + y 2 < r 2 and the mean curvature satisfies H ≥ c > 0, where c is a constant, then
. So, if f is defined in all R 2 and H is constant, then H = 0. Later, this problem was extended and solved for the case of a map f : R m → R by Chern [5] and independently, by Flanders [8] . This problem was generalized by the second author in her Ph.D thesis ( [12] , [13] ) in 1987, for submanifolds of a Riemannian product M = M × N, of Riemannian manifolds (M, g 1 ) and (N, h), that can be described as a graph Γ f := {(p, f (p)) : p ∈ M} of a smooth map f : M → N, that we recall as follows. On any Riemannian manifold (M, g) (and we purposely use g 1 distinctly to g) it is defined an isoperimetric constant, the Cheeger constant
where D ranges over all open submanifolds of M with compact closure in M and smooth boundary (see e.g. [4] ), and A(∂D, g) and V (D, g) are respectively the area of ∂D and the volume of D, with respect to the metric g. This constant is zero, if, for example, M is a closed manifold (we abusively take the same definition for the compact case), or if M is a simple Riemannian manifold, that is, there exists a diffeomorphism φ : (M, g) → (R m , <, >) onto R m such that λ 2 g ≤ φ * <, >≤ µ 2 g for some positive constants λ, µ. Another large class of Riemannian manifolds with zero Cheeger constant are the complete Riemannian manifolds with non-negative Ricci tensor (see section 2). Hence, zero Cheeger constant is a quite interesting condition. Let H denote the mean curvature vector of Γ f . Theorem 1.1. ( [12] , [13] ) If f : (M, g 1 ) → (N, h) is a smooth map whose graph Γ f has parallel mean curvature with c = H , then for each oriented compact domain D ⊂ M we have the isoperimetric inequality
In particular if (M, g 1 ) has zero Cheeger constant then Γ f is a minimal submanifold of M ×N.
These Chern-Heinz inequalities have been also extended by Barbosa, Bessa and Montenegro to leaves of transversally oriented codimension one foliations of Riemannian manifolds with some applications on estimating lower bounds of fundamental tones on tubular neighbourhood of curves in R n ( [3] ).
We may also handle this problem in the context of calibrated manifolds. A (parallel) calibration on a Riemannian manifold M of dimension n is a parallel m-form on M with comass one, that is:
for any orthonormal system X i ∈ T p M , and equality is achieved at some system (see [10] ).
where X i is a direct orthonormal frame of T p M. If we reverse the orientation of M we reverse the sign of cos θ. We give to M the induced metric g = F * ḡ form the one ofḡ. The submanifold is said to be Ω-calibrated if cos θ = 1. This is equivalent to Ω restricted to M is the volume element of M. Calibrated submanifolds are minimal, for they minimize the volume of any domain D among all variations
The simplest examples of Riemannian manifolds with a calibration are the Riemannian products M = (M × N, g 1 × h), with the projection calibration
This was observed first in [16] . If M is a graph submanifold
where the determinant is with respect to the metric g 1 . Reciprocally, a m-dimensional submanifold is (locally) a graph if cos θ > 0. Note that the graph is a calibrated submanifold iff f is constant, that is the graph is a slice. The condition cos θ ≥ ǫ > 0 is equivalent to the boundedness of df 2 , that is f * h ≤ Cg 1 , for some constant C > 0. The induced metric on the graph M is the graph metric g = g 1 + f * h on M and so, under the above condition we have g 1 ≤ g ≤ (1 + C)g 1 , and the metrics g and g 1 are equivalent. In this case, (M, g) has zero Cheeger constant iff (M, g 1 ) has so. In this paper we will obtain the above result from a general result for any calibration Ω, but with the extra condition on cos θ at infinity. This means that this approach for graphs is not so good has the one in [12] , [13] , although they are very much related to each other. In both approaches we use a suitable vector field Z 1 naturally defined on all M, using the calibration, but in theorem 1.1 we consider the divergence of Z 1 with respect to the metric g 1 of M, while in next theorem we consider the divergence with the induced metric g of M. The best choices depends on the calibration, and each case has to be considered separately to obtain the best results.
But, on the other hand we will provided a unified way to obtain a Bernstein-ChernHeinz result for submanifolds with parallel mean curvature in a very large class of calibrated manifolds.
Examples of calibrated manifolds are the Kähler manifolds with the complex calibration, the Riemanniam manifolds with special Holonomy, namely, the Calabi-Yau manifolds with the special Lagrangian calibration, the quaternionic-Kähler manifolds with the quaternionic calibration, the hyper-Kähler manifolds (with many calibrations), G 2 with the associative and co-associative calibration, and Spin(7) manifolds with the Cayley calibration (see [11] ). These spaces are Einstein manifolds, and except the quaternionic-Kähler case, they are all Ricci flat.
In what follows, (M ,ḡ, Ω) denotes a calibrated n-dimensional manifold with a calibration Ω of rank m, and F : M → M an immersed oriented submanifold of dimension m and induced metric g. Our main theorems are: 
In particular, if cos θ ≥ ǫ > 0 where ǫ is a constant, then
In this case, if M has zero Cheeger constant, then M is a minimal submanifold. We can slightly improve the previous theorem in case Ricci M ≥ 0 and M is complete. In this case, if we fix p ∈ M, there is a constant C 1 > 0, such that for each 0 < r < +∞ (see section 2)
with parallel mean curvature, and Ricci M ≥ 0 and the Ω-angle satisfies cos θ ≥ Cr −β > 0 when r → +∞, where 0 < β < 1 and C > 0 are constants, and r is the distance function in M to a point p ∈ M, then F is a minimal submanifold.
An application of theorem 1.1 is the following: The case of graphs is quite well understood in the Euclidean case (see [16] and references therein), and partially for the curved case: in dimension 2 and codimension 1 we have an answer in [2] . There is still a long way to give a solution to the above question for any calibration Ω.
In section 2 we give the proofs of the main theorems and some other results, and in section 3 we show some examples of calibrated Riemannian manifolds and an application of the main theorems for almost complex 4-submanifolds of a quaternionic-Kähler manifold.
Proof of the Theorems
Let (M,ḡ) be a n-dimensional Riemannian manifold with a calibration Ω of rank m. Consider
where X i ∈ T p M . Let F : M → M be an immersed submanifold of dimension m with normal bundle NM, and Ω-angle θ. we denote by ∇, ∇ and ∇ ⊥ the respective covariant derivatives of M , M and NM, and B(X, Y ) = ∇ X dF (Y ) the second fundamental form of F defined by the equations for X, Y vector fields on M and U section of NM 
Lemma 2.1. δΦ = m cos θ H.
Proof. Let Z ∈ T p M, U ∈ NM p and extend them to smooth sections of T M and NM. We may assume ∇ ⊥ U(p) = 0, and let X i a direct orthonormal frame of M satisfying also
and so
Interchanging i by k in the later line and using the symmetry of B we get δΦ = m cos θH.
Proof of Theorem 1.2
Let c = H . Consider the vector field Z on M defined by
Using lemma 2.1 and that H is a parallel section of the normal bundle we have
If X = 1, and U α is an orthonormal basis of NM p
Applying Schwartz inequality in (2.1) for X = Z/ Z , we have
where Φ sup = sup X =1 Φ(X) is the sup-norm. Applying Stokes to (2.2) on a domain D with boundary ∂D of outward unit ν, and using (2.3) we get
what proves Theorem 1.2.
Proof of Theorem 1.3
If we assume the Ricci curvature of M satisfies Ricci M ≥ 0, following [2] , by a result due to Cheng [7] the first eigenvalue of the Dirichlet problem on a geodesic ball B r (p) is less than or equal to the first eigenvalue of a geodesic ball of the same radius of R m , that is C 1 /r 2 for some constant C 1 > 0 that does not depend on r. Therefore
By a well known inequality due to Cheeger (Theorem 3 p.95 in [4] ), we get
This implies for M complete that h(M) = 0. Using theorem 1.2, on each ball B r (p), and for
and so, taking the infimum for D ⊂ B r (p),
By assumption of the theorem inf Br(p) cos θ ≥ Cr −β , and (2.4) leads to c ≤ C r β r for some constant C > 0 that does not depend on r. Thus, leting r → +∞ we obtain c = 0, and theorem 1.3 is proved.
We may also obtain a similar result for another family of submanifolds related to the above one. For each complete Riemannian manifold we define for each p ∈ M and r > 0
where S r (p) = ∂B r (p). We say that M is almost simple if there exist a constant C 1 = C 1 (p) > 0, such that for each r > 0 sufficiently large
Simple manifolds satisfy such a condition, and have bounded sectional curvatures. The proof of next proposition is identically to the above proof, using only the domains D of the form B s (p) where s < r. 
Some calibrations
The projection calibration. If our calibrated manifold is a Riemannain product M = M ×N of two Riemannian manifolds (M, g 1 ) and (N, h) with the projection calibration (1.1) and M is a graph submanifold F = Γ f : M → M × N of a map f : M → N, the graph metric on M is the induced metric g = g 1 + f * h by the graph map Γ f (p) = (p, f (p) and our morphism Φ : T M → NM is given by
where df t is the adjoint map. To see this we take a i a diagonalizing g 1 -orthonormal basis of f * h with eigenvalues λ
Let k such that λ k > 0 and λ k+1 = 0, and consider the orthonormal system of T f (p) N, a 1+m , . . . a 1+k defined by df (a i ) = λ i a i+m , and extend to an orthonormal basis a 1+m , . . . , a n+m . Then for i = 1, . . . , m, α = 1, . . . , n ( where
define respectively an orthonormal basis of (T p M, g) and of (NM p ,ḡ). Then considering Φ as a morphism from
Thus, as a morphism from T M, Φ(a i ) = cos θ(λ
. We denote by ∇df the second fundamental form of f : (M, g 1 ) → (N, h). Let g ij = g(a i , a j ) = δ ij + λ i λ j and consider the section W of f −1 T N and the vector field Z 1 of M:
Then (see [13] ) mH = (−Z 1 , W − df (Z 1 )). Now the vector field Z we used in the proof of theorem 1.2 can be expressed as
We have the relations
Integration on D of div g 1 (Z) in (3.6) gives Theorem 1.1.
The general case. For any calibration Ω we may take Z 1 defined as in (3.5) and we get
If Φ sup ≤ C 1 cos θ and we can bound | iḡ (Φ(e i ), B(e i , Z))| ≤ C 2 Φ 2 sup B from above by C 3 cos 2 θc 2 where C i > 0 are constants with C 3 < m we may obtain a result like theorem 1.1. In the case of graphs, this forces boundedness of df 2 B . So in the particular case of graphs, the best choice is to consider a divergence of a suitable vector field with respect to the metric g 1 of M and not the induced g from the graph immersion. This is the main difficulty for a generic calibration since we do not have a priori any other choice then g. To use a conformally equivalent metric also does not seem to help.
where (I, J, K) is any local admissible orthonormal frame of the twistor space Q of (M , g, Q). or N × R with Ω = 1 * ∧ φ + ψ are Spin(7) manifolds.
